Abstract -Weiqi is one of the most complex board games played by two persons. The placement strategies adopted by Weiqi players are often used to analog the philosophy of human wars. Contrary to the western chess, Weiqi games are less studied by academics partially because Weiqi is popular only in East Asia, especially in China, Japan and Korea. Here, we propose to construct a directed tree using a database of extensive Weiqi games and perform a quantitative analysis of the Weiqi tree. We find that the popularity distribution of Weiqi openings with a same number of moves is distributed according to a power law and the tail exponent increases with the number of moves. Intriguingly, the superposition of the popularity distributions of Weiqi openings with the number of moves no more than a given number also has a power-law tail in which the tail exponent increases with the number of moves, and the superposed distribution approaches to the Zipf law. These findings are the same as for chess and support the conjecture that the popularity distribution of board game openings follows the Zipf law with a universal exponent. We also find that the distribution of out-degrees has a power-law form, the distribution of branching ratios has a very complicated pattern, and the distribution of uniqueness scores defined by the path lengths from the root vertex to the leaf vertices exhibits a unimodal shape. Our work provides a promising direction for the study of the decision making process of Weiqi playing from the angle of directed branching tree.
Introduction. -Weiqi, also called Go in Japan and Budak in Korea, originated over 3000 years ago in China and is probably the oldest board game in the world. The standard modern Weiqi game is played on a 19×19 board. It is played by two players using black and white stones in turn. The rules of Weiqi playing are very simple. However, its strategies are very complex, much more than western chess. Specifically, Weiqi is PSPACE-hard [1] and EXPTIME-complete [2] and certain subproblems of the game are PSPACE-complete [3] . It has been shown that the state-space complexity of Weiqi is ∼ 10 171 and its game-tree complexity is ∼ 10 360 [4, 5] . For comparison, these two numbers are 10 47 and 10 123 for chess.
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Although computer programs are able to defeat top-tier professional players for many mind board games including chess and Chinese chess (Xiangqi), the situation is completely different for Weiqi. It is even very hard for a computer to judge if a cluster of stones is alive or dead, and it is much harder to solve correctly a lot of life-and-death problems [6, 7] . Certainly, there are progresses on predicting life or death in the game of Weiqi through learning examples extracted from game records [8] . No doubt, the game of Weiqi has been a big challenge to researchers in the field of Artificial Intelligence (AI) [9] [10] [11] [12] . Interestingly, in modern neuroscience, it has been shown that long-term trained Weiqi players "developed larger regions of white matter with increased fractional anisotropy values in the frontal, cingulum, and striato-thalamic areas that are related to attentional control, working memory, executive regulation, and problem-solving" [13] .
Recently, there are also efforts to study Weiqi games from the perspective of statistical physics. Liu, Dou and Lu defined an area, say a 5 × 5 plaquette, centered by the current move and obtained a contextual pattern with successive moves within the plaquette. It is found that the occurrence distribution of contextual patterns follows Zipf's law [14] . Harre et al. investigated the probabilities of different moves within the 7 × 7 corner plaquette to quantify the lack of predictability of experts and how this changes with their levels of skill [15] . Georgeot and Giraud defined the 1107 plaquettes of size 3×3 with empty centers as vertices and, if the distance between two successive moves is smaller than a preset value, the two associated vertices are connected with an arrow [16] . Alternatively, when the atari status of the four nearest neighbor points from the center is taken into consideration, one obtains 2051 legal nonequivalent plaquettes or vertices with empty centers [17, 18] , and considering diamond-shape plaquettes by expanding the 3 × 3 plaquettes and four additional points results in 193 995 nonequivalent plaquettes with empty centers [18] . Very intriguing results have been obtained for these networks [15] [16] [17] [18] .
In this Letter, we construct a directed Weiqi tree using a database of professional games, which is a subset of the whole strategy tree studied in the AI literature. The Weiqi tree constructed here adopts a similar method as in Ref. [19] for chess. The difference is that Blasius and Tonjes treated game states as vertices so that there are vertices with the in-degrees greater than 1. However, our method takes the move order into consideration so that the network is a tree and the in-degrees of all vertices but the root are 1. We will study the distributions of the popularity of Weiqi openings, the out-degrees, the branching ratios and the uniqueness scores of the Weiqi tree.
Data description. -The database of Weiqi games used in this Letter, called All-in-One Library of Weiqi Games (or "xún pǔ mǔ bǎn" in Chinese spell), is collected and maintained by the Gochess web site since more than 10 years ago, and can be downloaded from http://www.gochess.cn/. All the games were played by professionals. We use version 7.6 here, which has 69,031 games. After removing duplicate games, handicap games, transposon games, games on 13 × 13 board, life or dead problems, non-human played games, and games with less than 30 moves, there are 57 090 games left for further analysis.
Construction of the Weiqi tree. -We denote each game by G i . For a Weiqi game G i , the k-th move can be determined by a point M k = (x k , y k ) on the board, and the opening with m moves is a sequence of m points: 
, and Z8 = {y + x < 20, x < 10, y > 10}. The crosses in the first zone are determined. For other zones, it is optional to include the crosses at x = y, x = 20 − y, x = 10 or y = 10. Two zones both with even or odd numbers have the possibility to overlap after rotation, while two zones with even and odd numbers may overlap after flip and rotation.
lence and flip equivalence, which means that two openings G i,m and G j,m overlap after certain rotation and/or flip.
Equivalent rotations contain 90
• , 180
• and 270
• clockwise rotations. Mathematically, we have
Equivalent flips can be conducted with respect to the x or y axis. Using y-flip, we have
Combining a rotation and a flip, there are three more Weiqi patterns that are equivalent:
As shown in fig. 1 , two openings G i,m and G j,m can be identical after proper rotation and slip. Hence, we preprocess the games to make them unique. We require that the first move locate in Zone 1 after suitable rotation and flip. If the first move is in Zone 1, i.e., M 1 ∈ Z 1 , we do nothing. If M 1 ∈ Z 2 , we flip it along x = y (equivalently, rotate 90
• clockwise and then flip along x = 10), obtaining
We stress that the transformation of coordinates is carried out for all moves, not only for the first move.
After the first step of transformation, the first move M 1 has been placed in Zone 1. If x 1 = y 1 and x 2 > y 1 , we flip the board along the diagonal y = x so that G i (x, y) ⇒ G i (y, x). Moreover, if x 1 = y 1 , x 2 = y 2 , x 3 > y 3 , we also flip the board along the diagonal y = x so that G i (x, y) ⇒ G i (y, x). More generally, if the first k moves are on the diagonal and the k + 1 move has x k+1 > y k+1 , we flip the board along x = y. Usually, Weiqi games with k ≥ 3 first moves on the diagonal are very rare. The root vertex V0,1 = {Gi,0 : i = 1, · · · , 9} is the empty Weiqi board without any moves. After one move, at m = 1, there are two vertices, V1,1 = {G1,1, G2,1, G3,1} and V1,2 = {G4,1, G5,1, G6,1, G7,1, G8,1, G9,1}. After two moves at m = 2, V1,1 generates two offspring vertices V2,1 = {G1,2} and V2,2 = {G2,2, G3,2}, while V1,2 generates three offspring vertices V2,3 = {G4,2, G5,2}, V2,4 = {G6,2} and V2,5 = {G7,2, G8,2, G9,2}. Vertices V2,1 and V2,4 are leaf vertices because they contain only one game.
After the above transformations, all the openings are unique and standard, that is, any two openings G i,m and G j,m cannot overlap after further rotations and/or flips. Certainly, they might overlap without further rotations and flips. We can thus construct the Weiqi tree. Figure 2 illustrates the first four layers of the Weiqi tree with nine imaginary Weiqi games {G i,0 : i = 1, · · · , 9}. In this Weiqi tree, the first layer is the root vertex V 0,1 , which contains all nine games and corresponds to the empty Weiqi board without any moves. We denote the n-th vertices on the m layer as {V m,i : i = 1, 2, · · · , n}. The root vertex V 0,1 = {G i,0 : i = 1, · · · , 9} is the empty Weiqi board without any moves. After one move, at m = 1, there are two vertices,
After two moves at m = 2, V 1,1 generates two offspring vertices V 2,1 = {G 1,2 } and V 2,2 = {G 2,2 , G 3,2 }, while V 1,2 generates three offspring vertices
Using the procedure described for the tree in fig. 2 , we construct the Weiqi tree for all the 64,951 games. The number of vertices increases from 1 at m = 0 to 13400 at m = 9, and then decreases to 3363 at m = 30. By definition, the final tree has 64,951 leaf vertices. We can define the out-degree of each vertex V m,j , the popularity of each opening G i,m , the local branching of each vertex, the uniqueness of each game, and so on. We will investigate the properties of these tree features.
Popularity of Weiqi openings. -The popularity s m,j of an opening G i,m with m moves, also know as weight [19] , is the strength of node V m,j with G i,m ∈ V m,j :
where |V | is the cardinality of set V . The relative popularity of an opening G i,m is the ratio of the popularity s m,j to the total number N of all games:
For the tree in fig. 2 , s 1,1 = 3 and s 1,2 = 6 for m = 1, For the openings G m with m moves which appear in the m layer of the Weiqi tree, we obtain the popularity s m . Figure 3 of s m values in each logarithmic bin. It is trivial that openings with fewer moves can have greater popularity. We find that these histogram curves have nice power-law tails. The combination method of maximum likelihood estimation (MLE) and Kolgomonov-Smirnov test proposed in Ref. [20] confirms the presence of power-law tails:
and the tail exponents α m are obtained. We also adopt the ordinary linear-squares regression (OLS) to estimate the tail exponents. For m > 10, the first point in each curve is excluded because the first point deviates evidently from the power law. The estimated tail exponents are presented in the inset of fig. 3(a) . The OLS and the MLE methods give comparable results. It is found that the exponents α m are not universal, but increases with m almost linearly. This finding for Weiqi games is consistent with that for chess openings [19] . Figure 3 (b) presents the complementary cumulative distributions of the relative popularity Pr(≥ w m ) of pooled openings from G 1 up to G m for m = 3, 6, 10, 18, and 30. We also observe nice power-law tails in the distributions with the scaling ranges spanning approximately four orders of magnitude:
which is verified by the combination method of MLE and Kolgomonov-Smirnov test in Ref. [20] . The inset shows the dependence of the tail exponents β m estimated using respectively the OLS and the MLE methods on the number of moves m. Although the two β m curves do not overlap, they share very a similar tendency. The tail exponent β m increases with m and tends to saturation:
where β ≈ 1.08 for the OLS and β ≈ 1.19 for the MLE. This finding implies the possibility of universality of the tail exponent, which is again consistent with the result for chess openings [19] . For chess openings, the universal exponent is reported to be "α = 2" [19] , which is the powerlaw exponent of the density function, while the exponent β in Eq. (7) is the power-law exponent of the cumulative distribution. It follows that β ≈ α−1. Our results support the conjecture that: "similar power laws could be observed in different databases and other board games, regardless of the considered game depth, constraints on player levels or the decade when the games were played" [19] .
Distribution of out-degrees. -We can define the out-degree k m,j of any vertex V m,j at the m-th layer. As for the example Weiqi tree in fig. 2 , we have k 0,1 = 2 for m = 0, k 1,1 = 2 and k 1,2 = 3 for m = 1, and k 2,2 = 2, k 2,3 = 1 and k 2,5 = 2 for m = 2. The out-degree of leaf vertices is 0 and not included in the analysis. For the real Weiqi tree, k 0,1 = 22 as already mentioned in the previous section. When m = 2, the three largest outdegrees are 41, 30 and 28. When m = 29, the maximum out-degree reduces to 3. Overall, with the increase of m, the maximum out-degree has a decreasing trend with mild local fluctuations.
We place all the out-degrees from layer m = 0 to m and estimate the underlying empirical distribution p(k m ). Figure 4 illustrates the distributions for m = 3, 6, 10, 18, and 30. When m is small, the sample is too small and the resulting distribution fluctuates a lot. The right-most point is max{k m=1 } = 41, which appears in all distribution curves. For all the five distributions, the bulks (k m > 1) exhibit nice power laws: The inset shows that the tail exponent γ m increases when more layers are included in the opening tree.
Distribution of branching ratios. -Now consider a vertex V m,j that is not a leaf. Hence, we can assume that it has daughters V m+1,j k such that V m,j = ∪ k V m+1,j k . We calculate the branching ratios r of the vertices as follows:
For the artificial tree in fig. 2 , there are two branching ratios {1/3, 2/3} for m = 2, five branching ratios {1/3, 2/3, 1/3, 1/6, 1/2} for m = 2, and five branching ratios {1/2, 1/2, 1, 1/3, 2/3} for m = 3. We calculate the branching ratios of all non-leaf vertices of the Weiqi tree. The number of branching ratios is 3700. The occurrence number of each unique branching ratio is determined and presented in fig. 5 . The occurrence number of r = 1 is 103 484, which is the most frequent. The remaining points illustrate like a half-peach and show a hierarchical pattern. The second most frequent branching ratio is r = 1/2. Both the left and right parts with respect to r = 1/2 look like half-peaches. The left part can be further divided into two half-peaches around r = 1/3, while the right part can be divided into two half-peaches around r = 2/3. This hierarchical pattern suggests an inherent self-similarity in the occurrence pattern of the branching ratios.
Intriguingly, we find that the left and right envelops of each half-peach can be well fitted by power laws:
γr , for the right envelop (10) The exponents γ l and γ r vary for different envelops and are thus not universal. The four curves in fig. 5 are best power-law fits to four envelops with γ l = 2. These curves actually penetrate more points to the right of the original half-peaches.
Distribution of uniqueness scores. -For a given game G i , its uniqueness score L i is the minimum number of initial moves making G i,m different from all other openings. Speaking differently, a game's uniqueness score is the path length from the root to the corresponding leaf. For the tree in fig. 2 ,
, L 8 and L 9 are longer than 3. A smaller value of uniqueness score means higher degree of uniqueness of the game. Summary and discussions. -In summary, we have proposed to construct a directed Weiqi tree based on different sequence of moves using a database of professional Weiqi games. The construction method is slight different from the chess tree in Ref. [19] . Two chess openings with m moves are recognized as the same vertex in the chess tree if they have the same current state. However, two Weiqi openings that can overlap after suitable rotations and slips but have different orders of moves are two different vertices in the Weiqi tree. Hence, the chess tree has loops and the in-degrees of some vertices are greater than 1, while the Weiqi tree is loop-free and the in-degrees of all non-root vertices are 1.
We observed that the popularity distribution of Weiqi openings with a same number of moves is distributed according to a power law and the tail exponent increases with the number of moves. Moreover, the popularity distribution of Weiqi openings with the number of moves no more than a given number also have a power-law tail, and the tail exponent increases with the number of moves and seems to saturate to a universal value. These findings are robust using the ordinary least-squares regression and the maximum likelihood estimation in Ref. [20] . These properties are the same as for the chess tree and support the conjecture that the popularity distribution of board games follows Zipf's law with a universal exponent [19] .
The distribution of out-degrees is found to have a powerlaw form, in which the tail exponent increases with the number of moves. We also found that the distribution of branching ratios has a very complicated pattern, in which many power laws are observed. The mechanism leading to such kind of power laws is unclear and this topic is beyond the scope of the current Letter. Finally, the distribution of uniqueness scores which define the path lengths from the root vertex to the leaf vertices has a unimodal shape and most uniqueness scores are less than 30. In other words, any two arbitrary games are very unlikely to be the same after 30 moves.
Our work provides a new angle for the study of the decision making process of Weiqi playing through a directed branching tree without loops. Some of the results reported for the Weiqi tree can be interpreted by the same mechanism for the chess tree, for instance, the universal Zipf law of opening popularity. However, other empirical results such as the complicated occurrence pattern of branching ratios ask for further investigations. * * * We acknowledge financial support from the Fundamental Research Funds for the Central Universities.
